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RINGKASAN : Dalam kertas kerja ini, analisis parametrik aeroelastik untuk suatu plat 
nipis dan rata yang dti'kat pada hujung mendahulu dan terdedah kepada aliran subsonik 
diterangkan. Teori Gerakan Newton digunakan untuk membentuk persamaan gerakan 
plat manakala aliran udara dimodel dengan menggunakan teori Aerodinamik Gangguan 
Kecil dan Tak Mantap. Analisis aeroelastik yang dijalankan merangkumi nisbah aspek 
dan nisbah jisim yang berbeza dan perbandingan dibuat dengan kertas kerja yang telah 
diterbitkan. Hasil kaJi'an mendapati halaju dan frekuensi menurun dengan kenaikan nisbah 
aspek dan jisim plat tersebut 

ABSTRACT : This paper describes fundamental work in computational parametric 
aeroelastic analysis of a thin flat plate clamped at the leading edge and exposed to sub
sonic airflow. The plate's equation of motion was modeled using Newton's Law of Motion 
while the airflow was modeled using the Small Disturbance Unsteady Aerodynamic theory. 
The aeroelastic analyses were performed at various aspect and mass ratios and were 
validated with published work. Results show that the flutter velocity and flutter frequency 
decreases as the aspect ratio and mass ratios of the plate increases. 

KEYWORDS : Flutter, subsonic flow, aspect ratio, mass ratio. 
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INTRODUCTION 

Modern aircraft structures are extremely flexible and therefore tend to deform when exposed 

to airflow (Megson, 1990). This usually involves interaction of the inertial, elastic and 

aerodynamic forces, which can severely affect the stability, performance and manoeuvarability 

of the aircraft. Due to these practical consequences, understanding of the aeroelastic behaviour 

is critical. 

One of the important aeroelastic phenomena is flutter, a type of self-excited vibration that 

occurs above a certain 'critical flutter speed' in which the initial perturbation is provided by the 

air stream (Scanlan & Rosenbaum, 1968). The mode of failure is often sudden and destructive 

in nature. It is commonly encountered on lifting surfaces in supersonic flow and often modeled 

as panels or plates with fixed or pinned supports on all four sides with one side of the surface 

exposed to an air stream (Scanlan & Rosenbaum, 1968). This study, however, focused into 

the aeroelastic behaviour of a thin flat plate clamped at the leading edge under subsonic flow. 

Previous works on subsonic panel aeroelasticity focussed on determining the mode of instability. 

Kornecki ( 197 4) theoretically studied the aeroelastic behaviour of two-dimensional flat panels 

clamped at both edges and found that the panel lost its stability due to divergence (buckling) 

in subsonic flow and flutter in supersonic flow. Kornecki et al. (1976) extended the work to 

cantilevered panels, which were shown to flutter in subsonic flow. Shayo (1980) later extended 

the work to three-dimensions with the inclusion of downstream wake effects and confirmed 

results obtained by Kornecki (1976). He also concluded that the wake effects could be significant 

when the mass ratio is large. Both references had conducted a linear analysis employing 

unsteady aerodynamics theory whereas the structural modal data was obtained using beam 

functions. Kornecki (1976) only considered low aspect ratio panels whereas Shayo (1980) 

used large aspect ratio panel in the flutter analysis. However, both references utilised only the 

first two natural modes to predict flutter. Weiliang and Dowell (1991) stated that higher modes 

should be included for the prediction of large aspect ratio panels. This issue will be addressed 

in this work. 

The aforementioned studies all focused on determining the onset of instability. But in recent 

studies, the interests have shifted to characterising the post-flutter oscillation/oscillation, which 

is largely dominated by the non-linearities in the system. Most prominent of these is the non

linear structural coupling between bending and stretching of the plate. As the plate bends it 

also stretches thereby inducing a tension in the plate. The post-flutter oscillation represents a 

balance between the (unstable) linear plate and fluid forces and this tension, which increases 

the effective plate stiffness. In the previous linear model, any disturbance to the panel results 

in an exponentially growing oscillation with increasing time. However, in many physical 

situations, at sufficiently large deflections, these structural non-linearities restrain the plate to 

finite amplitude, resulting in the so-called limit cycle oscillation (LCO) (Dowell, 1975). 
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The aeroelastic phenomena flutter, is an important parmeter in the stability, performance and 
manoeuravability of an aircraft. This study presents the results of a computational parametric 
study on the flutter characteristics of a thin flat plate. 

Reynolds et al. (1993) studied theoretically and experimentally the behaviour of a simply 
supported low aspect ratio panel exposed t(? subsonic flow. In the theoreti~~I ana.ly~!~, the 
structural governing equation is based upon Von Karman's large deflection plate theory. The 
theoretical results matched previous studies by Kornecki (197 4) and Kornecki et al. (1976) for 
clamped-clamped panel. However, experimental results showed that the panel was displaying 
two types of aeroelastic instabilities. The first was static divergence-type behaviour in which 
the panel deflected into one of its natural bending modes. The other instability was large 
amplitude, localised divergence at the leading edge of the panel. 

Less well known is that low-aspect-ratio wings that have plate-like structural deformations 
can also exhibit non-linear response including limit cycle oscillations in an overall wing motion. 
Weiliang and Dowell (1991) and Hopkins and Dowell (1994) studied the limit cycle oscillations 
of rectangular plates with three free edges and cantilevered from the fourth side. The panel 
structure was of low aspect ratio and subject to quasi-steady supersonic flow over one or 
both surfaces, a static temperature differential between the panel and its structural support, 
and a static pressure differential between the upper and the lower surfaces of the panel. 
Their results provided good physical understanding on the characteristics of flutter and limit 
cycle oscillation. In particular, their work demonstrated that, even with only a single edge of 
the plate restrained, bending tension or geometrical non-linearities could produce limit cycle 
oscillations amplitudes of the order of the plate thickness. 

Following the work of Weiliang and Dowell (1991) and Hopkins and Dowell (1994), Tang et al. 
(1999) investigated the flutter and limit cycle oscillation characteristics of a low-aspect-ratio 
wing-panel configuration at low subsonic speeds. The work demonstrated the plate 
undergoing flutter with limit cycle oscillation of the order of the plate thickness. An important 
aspect observed in all the three references is that the convergence of the flutter results 
were also performed by varying the number of structural modes used in the analysis. This 
issue will be addressed in this work. 

Subsequently, not much study was conducted on fundamentals of subsonic panel flutter 
particularly on the parametric analysis of the flutter characteristics. This paper presents the 
results of a computational parametric study on the flutter characteristics of a thin flat plate. 
The parameters considered are the aspect ratio, mass ratio and number of structural modes 
in the structural model. Aspect ratio is defined as the ratio of the span length over the chord 
length of the plate and mass ratio represents the coupling of the plate with the fluid through 
their relative densities. The results of the study were verified with the experimental and 
analytical results obtained by Kornecki et al. (1976). 

23 



Dayang Laila Ma;7d and ShahNor Basri 

THEORY AND MODELLING 

Assuming zero damping, the governing equation of motion of an aeroelastic system in matrix 

form (ZAERO Theoretical Manual, 2000) is given as 

- -
lMJ{x(1'} + ll<J{x(tA - {~aA = o (1) 

- -
where [MJ and [K] are the mass and stiffness matrices, {x(t,,} is the structural deformation 

and {~,x)} are the aerodynamic forces induced by the structural deformation. {~,x)} is 

computed based upon the linearised unsteady, small disturbance equation (ZAERO Theoretical 

Manual, 2000). 

To solve the aeroelastic equation of motion, the modal approach (ZAERO Theoretical Manual, 

2000) is used which can be expressed as 

{x} = [ <p] {q} (2) 

where (cp] is the modal matrix whose columns contain the lower order of natural modes {q}" 
and is the generalised coordinates. In this approach, the structural deformation of the flutter 

mode can be sufficiently represented by the superposition of lower order structural modes 

contained in [cp]. These lower order structural modes can be generated through a separate 

eigenvalue analysis of the undamped free vibration equation. 

Therefore, Equation (1) can be expressed in terms of generalised coordinates given as (ZAERO 

Theoretical Manual, 2000) 

[- uiM + K-q-Q (ik)]{q} = 0 (3) 

Equation (3) represents the flutter equation of motion whereby Q(ik) are the generalised 

aerodynamic forces, wand {q} are the unknown natural frequencies and mode shapes of the 

flutter modes. Equation (3) is solved in the reduced frequency, k, domain and finally the flutter 

velocity, U, and flutter frequency, m,. are obtained from the following equation (ZAERO 

Theoretical Manual, 2000) 

m,L 
k=--u, (4) 

The structural modes of a flat plate are computed using a finite element code, MSC

NASTRAN,. The plate geometry is meshed into a 40 element model with 55 nodes as shown 

in Figure 1 (a). Each node has six degrees-of-freedom, namely Tx, Ty and Tz for translational 

displacements as well as Rx, Ry and Rz for rotational displacements along x, y and z 
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directions. The appropriate boundary conditions for a clamped leading edge are 
specified in Figure 1 (b). 

At x = O; leading edge 
clamped 

~ 
2 

(a) 

Atx= 0, node 1-5; Tx, Ty, Tz = 0 
Rx, Ry, R,=O 

Remaining node 6-55: Ty, Rx, R,= 0 

(b} 

Figure 1. (a) Plate meshed into nodes and elements; 
(b) Plate boundary conditions 

The modes are then obtained using MSC-NASTRAN's eigenvalue analysis, which solves the 
generalised eigenvalue problem of 

lKl{xl = i[MJW (5) 

where 1 and i are the eigenvalue and eigenvector associated with the natural frequencies 
and mode shapes of the plate. The free vibration modes are then used for the analysis of 
flutter in ZAERO. ZAERO is an aeroelastic programme that requires free vibration input to 
simulate aeroelastic effects. In ZAERO, the unsteady aerodynamics methods are based on 
higher-order panel formulation. A demo version is used in the present work and had limited 
the size of the model to 40 elements. The plate geometry is discretised into 40 panels as 
shown in Figure 2. 

~-:;;---Clamped 
Leading edge 

Control point 

Figure 2. Meshed aerodynamic model with flow over top and bottom of a plate 

25 



Dayang Laila Majid and ShahNor Basri 

In this method, an aerodynamic influence coefficient (AIC) matrix is generated in the frequency 

domain to calculate the incremental loads caused by structural deformations. The unsteady 

pressure coefficient distribution due to the plate's motion can then be determined by imposing 

the boundary conditions (structural modes) on the aerodynamic panels. Once the pressure 

distribution is known, the generalised aerodynamic forces can be expressed in terms of the 

mode functions, hand the pressure coefficient, Cp (ZAERO Theoretical Manual, 2000). 

(6) 

where C~; is the pressure coefficient of the ifh panel due to the J th mode and A; is the panel 

area. Then, the flutter equation (see Equation 3) can be solved using g- and K-methods 

(ZAERO Theoretical Manual, 2000), which are provided in ZAERO. The g-method provides 

the flutter solutions as a function of velocity whereas in K-method (also known as V-g or 

American method}, the solutions are given as a function of reduced frequency. 

In the g-method, a first order damping term is included in Equation 3, which transforms it into 

a second order linear system in terms of damping, g given by the following, 

2 - - - -
(g A+ gB+ CJ{q} = 0 (7) 

Equation 7 is formally known as the g-method equation and the flutter boundary can be found 

by solving its complex eigenvalues. The solution of Equation 7 exist when the imaginary part 

of its eigenvalues is zero, i.e. lm(g)=O. The K-method, however, employs a more straightforward 

approach in which an artificial structural damping, g. is included in Equation 3 giving 

[ M+; ( j )2 Q (ik) -nK]t7 =0 (8) 

The flutter boundary can be obtained by directly solving the complex eigenvalue, n = 1~ igs 

at each reduced frequency, k. Similar to the g-method, the K-method searches for the condition 

where the imaginary part of the eigenvalues, IM (Q) = 0. 

RESULTS AND DISCUSSION 

Numerical validation 

The model problem considered is a square panel with the material properties shown in 

Table 1 (Kornecki, 1976). The natural frequencies obtained from MSc-Nastran's eigenvalue 

analysis are first compared with those obtained from this reference and results are given in 

Table 2. The percentage indicated in the parentheses is the difference between the 
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frequencies computed using the finite element method and analytical/experimental results 
from Kornecki (1976). It was found that the natural frequencies obtained through finite element 
method are lower compared with the analytical and experimental results. The higher 
experimental natural frequency indicates that the experimental plate is stiffer than the theoretical 
ones. However, please note that the size of the finite element model is only 40 elements. 

Table 1. Material properties of aluminum plate 

Modulus of elasticity, E 6.8947 GPa 

Poisson's ratio, v 0.3 

Span length, b 0.254 m 

Chord length, I 0.254 m 

Mass density, pm 2643.38 kg/m3 

Pal 
Mass ratio, -- 0.232 

PPm 

Thickness, hm 0.000508 m 

Table 2. Comparison of natural frequencies 

Mode Finite Element Result 
Results (Kornecki, 1976) 

Analytical Experimental 

1 6.78 Hz 6.82 Hz (0.59%) 7.8 Hz (13%) 

2 42.02 Hz 44.03 Hz (4.56 %) -

The computed first two modes are later used to predict flutter using both ZAERO's g- and K
method. The flutter frequency and velocity for these two methods are later compared with 
published results (Kornecki, 1976) and are given in Table 3. 

Table 3. Comparison of flutter frequency and velocity 

Method Flutter frequency (Hz) Flutter Velocity (m/s) 

Experiment (Kornecki, 1976) 40.2 27.4 

Non-circulatorv theorv (Kornecki 1976) 37.5 24.0 

Quasi-steady theory (Kornecki, 1976) 42.6 1.8 

Full unsteady theory (Kornecki, 1976) 39.8 18.3 

ZAERO a-method (present work) 35.8 31.5 

ZAERO K-method (present work) 35.7 31.5 

The results using the non-circulatory flow theory are in excellent agreement with experiment, 
however it neglects the circulatory effect, which becomes significant in high frequency oscillation. 
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The quasi-steady theory is also inadequate since it neglects the effect of wake vortices, 

predicting a very low flutter frequency. The flutter frequency calculated using the full unsteady 

theory, however, showed excellent agreement with experiment but predicted a low flutter 

velocity. In comparison, the flutter frequency and velocity obtained from both ZAERO's g- and 

K-methods exhibit about 10% and 15% difference respectively as compared with the 

experimental results. The large percentage can be attributed to the difference in the predicted 

natural frequencies as highlighted in Table 2. 

The analysis was extended to mass ratios of 0.1, 0.2, 0.3, 0.4 and 0.5 and the corresponding 

flutter results were obtained. The non-dimensional flutter frequency and dynamic pressure 

from both g- and K-methods are then compared with results from the same reference as 

shown in Figures 3 and 4. Figure 3 shows the decreasing trend of the non-dimensional 

frequency against the mass ratio for both g- and K-methods and also using the non-circulatory 

and full unsteady theories (Kornecki, 1976). From Figure 4, an increasing trend in the non

dimensional dynamic pressure is observed from both methods and using the non-circulatory 

flow theory (Kornecki, 1976). From this validation exercise, it is proven that the computational 

analysis can be used to predict flutter. However, the accuracies depend largely on the meshing 

of the model and the number of modes used in the analysis. The former is fixed, however, the 

latter can be increased to include higher modes. 

The results also showed strong agreement between both the g- and K-method for test case of 

cantilevered flat plate with aspect ratio of one. However, the K-method does not provide 'match

point' flutter solution, which means the flutter velocity does not match the onset Mach number 

specified. Flutter usually can be obtained by varying either the Mach number or the dynamic 

pressure. In this case, with the Mach number fixed, a matched point solution can be achieved 

only by performing the flutter analysis at various air densities iteratively until the condition of 

Ut = Ma~ is satisfied since air density is directly proportional to dynamic pressure. Due to this 

reason, the g-method is solely used throughout the remainder of this work. 
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0.2 0.3 
Mass ratio 

---B---- g-method 
-A-- K-method 
~- Non-circulatory theory ----+---- Quasi-steady theory 
- -0- - . Full-unsteady theory 
--e-- Experiment 

0.4 0.5 

Figure 3. Comparison of non-dimensional frequency 
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~ g-method 
---6-- K-method 
- ·- T;fj--·· Norw:lrcuLatorytheo~ 

., 
Mass ratio 

--€>-- Full-unstemy theory 
----e·-·· E~periment 

•• 

Figure 4. Comparison of non-dimensional dynamic pressure 

Effect of number of structural modes 

The inclusion of higher structural modes in the flutter analysis is important to ensure that 
there is no coupling between the lower and higher order modes. Previous works conducted 
by Kornecki et al. (1976) and Shayo (1980) used only two modes in their analysis. Recent 
work by Weiliang and Dowell (1991) on plate-like cantilevered wing showed that larger 
number of modes along the flow direction is needed as the aspect ratio increases. 
A convergence exercise was carried out to find the effect of higher modes. 

Figures 5 and 6 clearly presented the convergence of the flutter velocities and frequencies 
for a plate with aspect ratio of 1, 5, 10 and 20 as the number of modes is increasing. However, 
employing a large number of modes requires finer discretisation of the finite element model 
in which the present study is limited to a size of 40 elements. Therefore, the parametric 
analyses were performed using only 6 modes, which potentially may give an acceptable 
percentage error of only 2%. Plots of these 6 modes for aspect ratios of 1 and 5 are shown 
in Figures 7 and 8 respectively. From both Figures, mode 1 is typically a bending mode 
while higher modes are combinations of bending and torsion modes. 

45~--------------~ 
40 

"' E 35 
:,; ·g 30 

°g? 25 

~ 20 
::, 

iI 15 

G--DDDDDDDD 
)<- -~:..:~_:~:..:~-_:~ - -Ac - -·- - ·- -· 

·-·-·-·---- ----·-·-·-· 
2 3 4 s s 1 a g 10 11 12 13 14 

No. of structural modes 

----8-- AR1 - __....., _ ARS - _,. - AR10 -· -· - AR20 

Figure 5. Rutter velocity versus no. of structural modes 
at aspect ratio of 1, 5, 10 and 20 
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Figure 6. Flutter frequency versus no. of structural modes 

at aspect ratio of 1, 5, 10 and 20 

Mode 1 Mode2 Mode3 

Mode4 Modes Mode6 

z 
---l 

x y 

Figure 7. Structural mode shapes from mode 1 to mode 6 for a plate with AR= 1 
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Mode 1 Mode2 Mode3 

z 
)___ 

x y 

Mode4 Modes Mode6 

z 
)___ 

x y 

Figure 8. Structural mode shapes from mode 1 to mode 6 for a plate with AR = 5 

Figures 9 and 10 presented the corresponding flutter mode shapes at various time steps for 
aspect ratios of 1 and 5 respectively. It is clearly shown that at aspect ratio of 5, the flutter 
mode shape assumes the structural mode 6 shown in Figure 8 while at aspect ratio of 1, it 
assumes the shape of structural mode 2. This stressed the importance of including higher 
structural modes in the structural model for larger aspect ratio panel. 

o sec. 0.00261 sec . 0.00522 sec. 0.00782 sec. 

0.01043 sec. 0.01304 sec 0.01565 sec. 0.01825 sec. 

Figure 9. Flutter mode shapes at different time intervals for a plate with AR = 1 
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O sec. 0.00289 sec 0.00578 sec. 0.00717 sec. 

x 
---l 

y z 

0.00955 sec. 0.01194 sec 0.01433 sec. 0.01672 sec. 

x 
---l y z 

Figure 10. Flutter mode shapes at different time intervals for a plate with AR= 5 

Effect of aspect ratio and mass ratio 

Dowell (1975) stated that the effect of aspect ratio is significant when it is higher than 1. 

Plots of the aerodynamic damping versus the freestream velocity for aspect ratios of 5 to 20 

are presented in Figure 11. The zero damping crossings ; i.e. g=O, were shown to occur at 

progressively lower flutter velocities as the aspect ratio increases. The damping curve of 
aspect ratio of 5 is of the divergent type, which appeared to change to the hump mode type 

at larger aspect ratio. The small positive damping values associated with th is type of mode 
indicate points of high instability (Bisplinghoff and Ashley, 1962). Similar plots for varying 

mass ratios of 0.1 to 0.5 are shown in Figure 12. Again, the zero damping crossings occurred 

at lower flutter velocities as the mass ratio increases. All the damping curves are of the 
divergent type. The slopes of the curves appeared steeper with increasing mass ratio, 
indicating an increasingly violent flutter (Bisplinghoff and Ashley, 1962). 

Figures 13 and 14 presents the flutter velocities and flutter frequencies versus the mass 
ratio for various aspect ratio panels. Both figures showed that the flutter velocity and flutter 

frequency decreases as the mass ratio and aspect ratio increases. Flutter is primarily 
influenced by the stiffness of a structure. At higher aspect ratio and mass ratio , the plate is 
actually less stiff , which reduces it to behave like a beam. Hence the plate tends to oscillate 

at lower velocity and frequency. This is in agreement with the observation noted by Kornecki 

eta!. (1976) and Shayo (1980) . 
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-AR 5(MODE 6) 
__..._ AR 10(MODE 5) 
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Note: The primary mode contributing to flutter is indicated in the parentheses. 

Figure 11. Damping versus freestream velocity at large aspect ratio (>4) 
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Figure 12. Damping versus freestream velocity at different mass ratio 
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Figure 13. Flutter velocity versus mass ratio at different aspect ratio 
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Figure 14. Flutter frequency versus mass ratio at different aspect ratio 

CONCLUSION 

A computational aeroelastic analysis of a thin flat plate under subsonic flow is presented. 

The number of structural modes in the structural model plays a strong role in determining 

the flutter mode. Using a small number of modes may preclude the prediction of flutter for 

larger aspect ratio panels. This study also clearly indicates that flutter will occur at lower 

velocity and frequency with higher aspect ratio and mass ratio. However, low aspect ratio 

wings or short wings are known to have low aerodynamic efficiency at low speeds and 
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stability problems. Acceptable values of aspect ratio and mass ratio are therefore greatly 
dependent upon the design purpose of an aircraft. For a fighter aircraft, short wings (aspect 
ratio of 2 to 3) are favourable due to high maneouvarability whereas in commercial transport 
airplanes, high aspect ratio wings (7 to 9) are required for stability purposes. Sailplanes typically 
have very large aspect ratio wings of 20 to 21. 

NOMENCLATURE 

g 
gs 
hm 
k 

b 
I 

q~ 
t 
x, y, z 
pa 
pm 
[ <p] 
m 

Wt 

A, 

Q 

r 
A 
Cp 
E 
{Fa(x)} 
{h} 
[!<] 

[l(j 
L 

lit 
[MJ 

[~ 

Q(ik) 

(q} 

aerodynamic damping 
structural damping 
plate's thickness 
reduced frequency 
width of plate 
length of plate 
freestream dynamic pressure 
time 
global coordinates 
air density 
mass density 
modal matrix 
natural frequency 
flutter frequency 
Eigenvalue 
complex eigenvalue 
Poisson;s ratio 
panel area 
pressure coefficient 
modulus of elasticity 
aerodynamic force induced by structural deformation 
interpolated deformation at aerodynamic boxes 
generalised stiffness matrix 
stiffness matrix 

reference length of plate, half span, b/2 
flutter velocity 
generalised mass matrix 

mass matrix 

generalised aerodynamic force 

generalised coordinates 
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{x} eigenvector 

[A/CJ aerodynamic influence coefficient matrix 

A, B, C matrix coefficients 
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